A mathematical model that describes a fiber-to-fiber holographic connector is presented. We consider both single-and double-image cases for the reconstruction of the second hologram. A comparative study of the two coupling conditions is presented. Fourier analysis of the coupling equation enables us to study the linearity of the system.
Introduction
In the past decade considerable work has been done on the development of techniques for optical interconnects and networks based on holographical components. 2 Applications of this technology include (but are not limited to) optoelectronic devices, biomedical optical fibers, and optical arrays for optical computing. 3 - 5 There is a need for mathematical models that describe the behavior of these optical systems. To characterize a holographic interconnector, theories on the propagation of electromagnetic fields in optical waveguides and diffraction of light by volume holograms must be combined. Our aim is to emphasize the optimizing conditions for high diffraction efficiency in a holocoupler/optical fiber system. The first theoretical model, which was developed by Soares, 6 was based on a scalar treatment for the object wave under Fresnel diffraction conditions. Here, an off-axis hologram was recorded, and a single-image (single-focus) reconstruction was obtained. The coupling conditions of this system are analyzed in this paper. We show the feasibility of coupling light into a second fiber under less restrictive conditions. In a previous paper, we developed a model for the holocoupling system with an on-axis recording (double focus) and introduced the field that was scattered by the fiber excited by lateral illumina- tion as the TM-polarized object wave. The optimization parameters were deduced from the analysis of the coupling conditions, namely, refractive-index distribution of the optical fiber, polarization state of the reference wave, geometric configuration of the object wave, angle of incidence, and the absorption coefficient of the photomaterial. 8 In this paper we undertake a comparative study of single-and double-image recording procedures and analyze the linear behavior of the second case by applying the Fourier-transform operator to the coupling equation. This analysis in the spatial frequency domain provides information on the amount of energy processed in the holocoupling procedure. Since the linearity is assured, the losses of energy could be the result of the misalignement of the system and the influence of the optical properties of the photomaterial (absorption). This paper is organized as follows: Section 2 is dedicated to the single-image (off-axis) coupling condition based on the experimental setup of Leite et al. 9 The numerical estimates show that the coupling holds in the core of the fiber for particular bound modes inside it. In Section 3 we formulate a second coupling condition by considering a double-image recording (on-axis hologram), and assuming some modifications in the experimental setup. The solution is given by a pair of implicit equations. The numerical results exhibit less restrictive conditions than in the single-image case. In Section 3 we test the linear behavior of the double-image device by applying Fourier-transform techniques. fiber, and a monochromatic plane-polarized reference wave in a first holographic plate. A second recording is performed under similar conditions, but the first reference wave is replaced by its conjugate. The absence of losses in the photomaterial and linear recording conditions is assumed, and the coupling is produced when the field transmitted by the second hologram equals the conjugate output field of the second fiber. In this paradigm, if a scalar treatment is applied, no variations in the coupling condition that are due to polarization states of the object and reference wave are deduced. The simplification of the modeling comes from the TM mode, which is excited by a lateral illumination of the fiber. Recently experimental results have demonstrated that a lower energy conversion into guided modes inside the fiber takes place, and, the TE mode seems to be more suitable. 1 0 The scattering pattern produced by the TM mode shows a nonnegligible intensity distribution. There is also a relative dependence on the geometry of the illuminating wave front, and changes in the spot of the forward-scattered light are observed.
The coupling condition is merely a normalization 7 :
fiber diameter. Previous work 7 shows the large validity of the eikonal approximation for both single-mode and multimode fibers working in the visible and near-IR region, provided that coupling constant A of the fiber obeys the condition A < 1 (weakly guide approximation). Moreover, if K is the wave vector of the scattered field, energy conservation requires that I K = K' , so that, for small-scattering angles, the vector K -K' is nearly perpendicular to K, which is a restriction to be considered in experimental studies. The restriction could be overcome by the use of the same wave front for the lateral illumination and for the reference wave. Assuming the eikonal approximation, a first result for the normalization condition for the scattered field can be obtained:
where (Peik is the eikonal phase of the scattered field, and X 2 is the coordinate at the transverse plane of the fiber.
We define Teik(')(K', K, X 1 ) as the field scattered by an arbitrary concentric layer M of variable radius RM = R1-X 1 2 , located at an arbitrary X 1 point inside the core, as shown in Fig. 2 
Here UF1 is the field scattered by the first fiber, and UR1 represents the reference wave. If we assume a monochromatic plane-polarized reference wave, Eq.
(1) can be further simplified to
This field can be easily formulated by considering the eikonal approximation, which holds for small-angle scattering. Quantitatively the scattering angle 0 is limited by the approximate condition" 1 (Glauber's approximation),
K represents the wave vector K = IK I = 2iTr/X, X is the wavelength of the incoming radiation, and d is the 
where R 1 is the radius of the core of the fiber, and X 1 is the coordinate at the transverse plane of the fiber perpendicular to X 2 . In Eqs. (6) and (7) we define [Teik(l r)] and [Teik(1i)] as the real and imaginary parts of Teik( 1 )(K', K, X 1 ), respectively, of the sectorial contribution of the scattering field for arbitrary points X 1 : 0 < X 1 < R 1 inside the output face of the fiber. In this case we are not dealing with the classical electromagnetic field (unique dependence on the scattering angle), but the variable integration limits give the distribution of the energy in partial regions of the fiber (in order to appreciate the coupling condition). Therefore we are not strictly speaking of the fiber as a scattering center as in the classical treatment. This model reminds us, in a certain sense, of the one introduced by Cordero Iannarella 12 for the analysis of scattering of a Gaussian transversally incident beam by inhomogeneous fibers. In it, a fiber formed by an arbitrary number M of concentric layers was assumed and defined in the cross section of the fiber with variable radius RM. This would be the type of limit considered in the current study, with RM = (R 1 2 -X 1 2)1/2, as displayed in Fig. 2 . The scattering amplitude could be obtained eventually by integration of Teik()(K', K, X 1 ) for all possible values of XI.
The intensity distribution of the scattered field is given by
where p represents the position vector located at the transverse plane of the fiber. The normalization given by Eq. (2) also holds for Eq. (8), and Kp = Kf pcosc, (9) where _= (K, p), as shown in Fig. 3 .
By equating the real and imaginary parts, we can rewrite Eq. (8) as
. (10) z Fig. 3 . Definition of the scattering angle = (K', K) and angle + = (K, p), as used in Eq. (9) . p is, in general, a three-dimensional arbitrary vector position. In the present case we assume a more simple geometry, and IpI = (X 2 + Y2)1/2 is derived from the condition that the scatterer has cylindrical symmetry.
Equation (10) gives the analytical expression of the coupling condition. It should be noted that this expression was obtained through a normalization condition for the amplitude distribution scattered by the optical fiber in sectorial contributions.
Numerical Estimates
The numerical behavior of Eq. (10) can be determined by making a substitution for T(lr) and T(1 i), as given in Eqs. (6) and (7), and by using a refractive-index profile for the fiber that determines the form of the eikonal phase Peik Assume a parabolic refractive-index profile. 7 In Fig. 4 In these numerical estimates, a limitation arises because of Glauber's approximation." If we assume that the incoming radiation has a wavelength of 0.8 pm and a core diameter of 2 Lm, we find that 0 < 0.24 rad 140.
This represents an upper bound for which the eikonal approximation is valid. Although a small angle is not a wide angle, the holocoupler/fiber device is working for small numerical aperture values because of the small diameter and weakly guiding approximation of the fiber. For example, values of angular distribution between to 2.5° and 6 (for different fiber lengths) have been reported in the literature. 13 The maximum deviation of 14° in the scattering angle has been assumed in the region
The numerical solution of Eq. (10) 0.1 gm in the signal would result in the failure of the light coupling.
Double-image Holocoupler: Coupling Condition and Linear Behavior
The method proposed for a double-image holocoupler is displayed in Fig. 7 . As observed, the recording process is similar to that for a single-image holocoupler. In order to obtain the effect of the real and the virtual images, some modifications must be introduced in the reconstruction process. In Fig. 7 we observe the experimental setup. Two mirrors M 1 and M 2 are located between plate 2 to collect the second image (virtual) formed by this hologram (the symmetrical of the first-order diffracted waye with mirrors between the holographic plates result in a symbol E denotes the values that were numerically passively resonated hologram 14 
struction. The two spots of light (real and virtual foci) are used to search for a larger bound in the values of the phases of the scattered waves. This would result in an optimized device. This modification implies a new formulation for the coupling condition. In the recording process the transmittance amplitude of the first hologram is
and, according to the reconstruction process, the transmittance amplitude of the second hologram is In Eq. (13) we have introduced the effect that is produced by considering the sum of the real and virtual images generated by the second hologram. As explained in Section 2, the coupling is produced when the field transmitted by the second hologram equals the conjugate of the field scattered by the second fiber. Assuming the additional condition that the reference wave of the first recording equals the conjugate of the reference wave of the second one, the coupling condition reads 7 (14) where UR2 and UR2* are the reference wave of the second recording and its conjugate, respectively, and UF1 and UF2 are the fields scattered by the first and the second fibers, respectively. UF1 and UF2 are both expressed in terms of the modified eikonal complex scattering amplitude, whose real and imaginary parts are given by Eqs. (6) and (7) along with the behavior of the eikonal phase, as shown in Fig. 4 
Equations (18) and (19) form a pair of implicit equations in the Xij coordinate. A nonzero Jacobian would result in a real solution for the system.
Validity of the Coupling Equation for the System
The solution for the system represents a line of intersection between the two surfaces [Eqs. (18) 
Equation (24) 
We have made numerical calculations for k, * r = 1 and 92 ranging from 0 to 600 rad. The real solution given in Eq. (24) is reached at specific intervals. Some points for which there is a deviation from the real definition domain have been avoided. There is a periodic behavior for two arguments a,, and an2 near ± 1 (Figs. 8 and 9 ). By representing the two curves given by Eqs. (18) and (19) in such intervals of the real definition domain, we obtain the intersection points.
In those situations the tangents to both curves are not parallel (Fig. 10) . Such intervals are multiples of 2ir plus an oscillation; the value not displayed here is near the (3.9, 5.9) radians. In the shown cases the 
Linear Behavior of the System
It is important to analyze the linear behavior of the double-image holocoupler because the two-mirror configuration could be considered as an optical resonator and hence generate a nonlinear response. The possible sources of deviation from linear behavior would be due to instabilities that are intrinsic to the device and are not due to the power source (typically 1-5 mW). The Fourier analysis techniques are easily applicable to this case. The analy- sis of the solution in the spatial frequency domain shows that all the energy processed in this device comes from only the input of the system, i.e., the field scattered by the optical fiber. The coupling equation (15) 12 is a continuous function that is 
where F.T. is the Fourier-transform operator, f., and fy are the spatial frequencies, as an application in the and I F.T.(F) 12 = f( fr). These contributions are found to be small but different from zero (Figs. 15 and 16 ). This behavior of both functions, together with Eq. (36), ensures the linearity of the system.
Discussion and Conclusions
The description of the confinement of light in an optical fiber by means of a holocoupler device is mathematically expressed through a coupling equation (a normalization condition) whose numerical behavior allows one to discriminate between a singleor a double-image holocoupler. This simple interpretation arises from a formulation of the field scattered by the fiber under the eikonal approximation, where it is valid for small-angle scattering. Information on the phase distribution of the complex scattering amplitude inside the core is also obtained. This follows the refractive-index profile. Although a lateral illumination is proposed to ensure the excitation of the TM-scattered wave, which gives a lower energy conversion into guided modes than a TE one, experimental results, which are verified but not displayed here, indicate the possibility of giving a reference by the use of this particular signal. The double-image holocoupler has been also analyzed for linear behavior. The direct application of the Fourier-transform operator to the coupling equation confirms that Rayleigh's theorem holds. All possible energy losses that produce a fall in the diffraction efficiency of the holocoupler would come from the misalignement of the system with tolerances smaller than 0.1 Am. Of course, the absorption properties of the photomaterial should be considered as well as parts of an extended analysis of the current work. 
